We first prove a generalized Wirtinger's inequality. Then, applying the inequality, we study estimates for lower bounds of periods of periodic solutions for a class of delay differential equationṡ
Introduction and Statement of Main Results
In the present paper, we are concerned with a generalized Wirtinger's inequality and estimates for lower bounds of periods of periodic solutions for the following autonomous where x ∈ R p , f ∈ C R p , R p , and g ∈ C R × R p , R p , and r > 0, s > 0 are two given constants.
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For the special case that n 1 and p 1, various problems on the solutions of 1.1 , such as the existence of periodic solutions, bifurcations of periodic solutions, and stability of solutions, have been studied by many authors since 1970s of the last century, and a lot of remarkable results have been achieved. We refer to 1-6 for reference.
The delay equation 1.1 with more than one delay and p 1 is also considered by a lot of researchers see 7-13 . Most of the work contained in literature on 1.1 is the existence and multiplicity of periodic solutions. However, except the questions of the existence of periodic solutions with prescribed periods, little information was given on the periods of periodic solutions. Moreover, few work on the nonautonomous delay differential equation 1.2 has been done to the best of the author knowledge. Motivated by these cases, as a part of this paper, we study the estimates of periods of periodic solutions for the differential delay equation 1.1 and the nonautonomous equation 1.2 . We first give a generalized Wirtinger's inequality. Then we turn to consider the problems on 1.1 and 1.2 by using the inequality.
In order to state our main results, we make the following definitions.
where
Then our main results read as follows.
Theorem 1.3. Let x be a nontrivial T -periodic solution of the autonomous delay differential equation 1.1 with the second derivative. Suppose that the function
f : R p → R p is κ-Lipschitz continuous. Then one has T ≥ 2π/nκ.
Theorem 1.4. Let x be a nontrivial T -periodic solution of the nonautonomous delay differential equation 1.2 with the second derivative. Suppose that the function
g ∈ C R × R p , R p is T -
periodic with respect to t and κ-Lipschitz continuous uniformly in t. If the following limit
exists for all t and x and h t, x is uniformly bounded, then one has T ≥ 2π/nκ.
Proof of the Main Results
We will apply Wirtinger's inequality to prove the two theorems. Firstly, let us recall some notation concerning the Sobolev space. It is well known that H 
Proof. By the assumptions, x has the following Fourier expansion:
Then Parseval equality yields that
2.3
This completes the proof. Now, we generalize Wirtinger's inequality to a more general form which includes 2.1 as a special case. We prove the following lemma.
Lemma 2.2. Suppose that z ∈ H
Proof. Since 
2.7
Then the proof is complete. We call 2.4 a generalized Wirtinger's inequality. For other study of Wirtinger's inequality, one may see 15 and the references therein. Now, we are ready to prove our main results. We first give the proof of Theorem 1.3.
Proof of Theorem 1.3. From 1.1 and Definition 1.1, for all t, u ∈ R, one has
2.8
Hence, since x has the second derivative,
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Noting thatẋ is also T -periodic,
by Hölder inequality, one has g t u, x t − ks − g t, x t − ks .
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